Abstract. In this paper analysis of the concept of associated homogeneous distributions (generalized functions) is given, and some problems related to these distributions are solved. It is proved that (in the one-dimensional case) there exist only associated homogeneous distributions of order k = 1. Next, we introduce a definition of quasi associated homogeneous distributions and provide a mathematical description of all quasi associated homogeneous distributions and their Fourier transform. It is proved that the class of quasi associated homogeneous distributions coincides with the class of distributions introduced by Gel ′ fand and Shilov [6, Ch.I, §4.] as the class of associated homogeneous distributions. For the multidimensional case it is proved that f is a quasi associated homogeneous distribution if and only if it satisfies the Euler type system of differential equations. A new type of Γ-functions generated by quasi associated homogeneous distributions is defined.
1. Introduction 1.1. Associated homogeneous distributions. First, the concept of associated homogeneous distribution (AHD) (for the one-dimensional case) was introduced by I. M. Gel ′ fand and G. E. Shilov in the book [6, Ch.I, §4. 1.] . Let us repeat their reasoning by almost exact quoting.
Let us define the dilatation operator on the space D ′ (R) by the formula U a f (x) = f (ax), a > 0. The definition of a homogeneous distribution (HD) is the following. i.e., ( 
1.1)
U a f 0 (x) = f 0 (ax) = a λ f 0 (x).
Thus a HD of degree λ is an eigenfunction of any dilatation operator U a , a > 0 with the eigenvalue a λ , where λ ∈ C, and C is the set of complex numbers. It is well known that "in addition to an eigenfunction belonging to a given eigenvalue, a linear transformation will ordinarily also have so-called associated functions of various orders" [6, Consequently, U reproduces an associated function of kth order except for some multiple associated function of (k − 1)th order.
(D1) Taking these facts into account, in the book [6, Ch.I, §4.1.], by analogy with Definition (1.2) the following definition is introduced: a function f 1 (x) is said to be associated homogeneous of order 1 and of degree λ if for any a > 0
where f 0 is a homogeneous function of degree λ. Here, in view of (1.1) and (1.2), c = a λ . As the second step, in [6, Ch.I, §4. 1.] it is proved that up to a constant factor (1.4) h(a) = a λ log a.
Thus, by setting in the relation (1.3) c = a λ and d = h(a) = a λ log a, Definition (1.3) reads as the following. i.e., U a f 1 (x) = f 1 (ax) = a λ f 1 (x) + a λ log af 0 (x), where f 0 is a homogeneous distribution of degree λ.
It is clear that the class of AHDs of order k = 0 coincides with the class of HDs.
In the end, according to (1.1), (1.2), (1.4), using c = a λ and d = h(a) = a λ log a, the following definition is introduced. f k , ϕ x a = a λ+1 f k , ϕ + a λ+1 log a f k−1 , ϕ , where f k−1 is an AHD of order k − 1 and of degree λ.
In the book [6, Ch.I, §4] (see also the paper [8, Ch.X, 8.] ) it is stated (without proof) the following. (c) (x ± i0) λ log k (x ± i0) for all λ.
Definitions of the above distributions are given in Sec. 3.
Main results and contents of the paper.
In this paper analysis of the concept of associated homogeneous distributions (generalized functions) is given, and some problems related to this class of distributions are solved.
Unfortunately, as it follows from Sec. 2, Definition 1.3 (Gel ′ fand and Shilov) of AHD for k ≥ 2 is self-contradictory. In particular, it comes into conflict with Proposition 1.1. In Sec. 2, we prove that an AHD of order k is reproduced by the dilatation operator U a (for all a > 0) up to an AHD of order k − 1 only if k = 1. Thus in Definition 1.3 the recursive step for k = 2 is impossible. Consequently, there exist only AHDs of order k = 0, i.e., HDs (given by Definition 1.1) and of order k = 1 (given by Definition (1.3) or Definition 1.2). Definition 1.3 (from the book [6, Ch.I, §4.1.,(3)]), which defines AHDs of order k ≥ 2 describes an empty class.
The cause is the following: any HD is an eigenfunction of all dilatation operators U a f 0 (x) = f 0 (ax) (for all a > 0), while any AHD is an eigenfunction of all dilatation operators only for k = 1.
In Sec. 3, we study the symmetry of the class of distributions mentioned in Proposition 1.1 under the action of dilatation operators U a , a > 0.
In Sec. 4, results of Sec. 3 lead to a natural generalization of the notion of the associated eigenvector (1.2) and imply our Definition 4.2 of a quasi associated homogeneous distribution (QAHD) of degree λ and of order k by relation
where f k−r (x) is a QAHD of order k − r, h r (a) is a differentiable function, r = 1, 2, . . . , k. (Here for k = 0 we suppose that the sum in the right-hand side of the last relation is empty.)
Thus the QAHD of order k is reproduced by the dilatation operator U a (for all a > 0) up to a linear combination of QAHDs of orders k − 1, k − 2, . . . , 0 (see (4.7)). Here the dilatation operator U a acts as a discrete convolution
• According to Theorem 4.2, in order to introduce a QAHD of degree λ and of order k one can use Definition 4.3 instead of Definition 4.2, i.e., the relation
Here for k = 0 we suppose that the sum in the right-hand side of the last relation is empty.
• By differentiating relation (1.6), it easy to prove by induction that if f k is a QAHD of degree λ and of order k then its derivative df k dλ with respect to λ is a QAHD of degree λ and of order k + 1.
• The sum of a QAHD of degree λ and of order k, and a QAHD of degree λ and of order r ≤ k − 1 is a QAHD of degree λ and of order k.
• In view of Definitions 1.1, 1.2, 4.3, the classes of QAHDs of orders k = 0 and k = 1 coincide with the class of HDs and the class of AHDs (in the Gel ′ fand and Shilov sense) of order k = 1, respectively.
• According to Theorems 4.1, 4.2, the class of all QAHDs coincides with the class of distributions
λ = −1, −2, . . . , −n, . . . ; n, m ∈ N, k ∈ {0} ∪ N}, introduced in the Gel ′ fand and Shilov book [6, Ch.I, §4.] as the class of AHDs (see Proposition 1.1).
• According to Lemma 4.1, QAHDs of different degrees and orders are linear independent.
In Sec. 5, multidimensional QAHDs are introduced. By Theorem 5.2 it is proved that f k (x) is a QAHD of order k, k ≥ 1 if and only if it satisfies the Euler type system of differential equations. This result generalizes the well-known classical statement for homogeneous distributions (see Theorem 5.1).
In Sec. 6, a mathematical description of the Fourier transform of QAHDs is given for the multidimensional case. Moreover, Γ-functions of a new type generated by QAHDs are defined. In particular, for k = 1 these Γ-functions are calculated and thweir properties derived. Remark 1.1. In the papers [1] , [2] a definition of an associated homogeneous p-adic distribution was introduced and mathematical description of all associated homogeneous distributions and their Fourier transform was provided. This definition is the following:
where f k−j is an associated homogeneous distribution of degree π α (x) and order k − j, j = 1, 2, . . . , k, i.e.
(1.8)
Here Q p is the field of p-adic numbers, Q * p = Q p \ {0} is its multiplicative group; π α is a multiplicative character of the field Q p ; D(Q p ) is the linear space of locallyconstant C-value functions on Q p with compact supports, D ′ (Q p ) is the set of all linear functionals on D(Q p ).
One can see that a "correct" Definition 4.3 of a quasi associated homogeneous distribution is adaptation (to the case R instead of the field Q p ) of Definition (1.7), (1.8) . However, in [1] , [2] p-adic analog of Theorem 4.2 has not been proved. [6] , the following definition is used.
where f k−1 is an AHD of order k − 1 and of degree λ.
Here an analog of relation (1.5) is used, where in the right-hand side of (1.5) the term log a is replaced by log k a. In the paper [8, Ch.X,8.] Proposition 1.1 is also given (without proof). Comments. (i) For example, according to Proposition 1.1, log 2 (x ± ) is an AHD of order 2 and of degree 0. Nevertheless, we have for all a > 0 log 2 (ax ± ) = log 2 x ± + 2 log a log x ± + log 2 a.
which contradicts Definitions 1.3, 2.1.
(ii) In Sec. 3, relations (3.7), (3.11) imply that in compliance with Proposition 1.1, x λ ± log x ± and P x −n ± are AHDs of order k = 1 and of degree λ and −n, respectively (in the sense of Definition 1.2). However, for k ≥ 2, relations (3.7), (3.11) imply that x λ ± log k x ± and P x −n ± log k−1 x ± are not AHDs of order k (in the sense of the above Definition 1.3 or Definition2.1). This contradicts to Proposition 1.1.
(iii) It remains to note that the assumption that an AHD of degree λ and of order k, k ≥ 2 is defined by the Gel ′ fand-Shilov Definition 1.3, contradicts some results on distributional quasi-asymptotics. Indeed, if we temporarily assume that an AHD of degree λ and of order k is defined by Definition 1.3, in view of (1.5), we have the asymptotic formulas:
Here the coefficients of the leading term of both asymptotics f k−1 (x) and −f k−1 (x) are AHDs of degree λ and of order k − 1.
In view of the above asymptotics, and according to [3] , [9, Ch.I,Sec. 3.3.,Sec. 3.4.], the distribution f k has the distributional quasi-asymptotics f k−1 (x) at infinity with respect to an automodel function a λ log a, and the distributional quasi-asymptotics −f k−1 (x) at zero with respect to an automodel function a −λ log k a:
Here both distributional quasi-asymptotics are AHDs of degree λ and of order k − 1 (in the sense of Definition 1.3), k ≥ 2. However, according to [3] Remark 2.1. Let f k ∈ AH 0 (R) be a QAHD of degree λ and of order k, k ≥ 1. In view of Definition 4.3 (see (1.6)), we have the asymptotic formulas:
Here the coefficients of the leading term of both asymptotics are homogeneous distributions f 0 and (−1) k f 0 of degree λ. According to [3] , [9, Ch.I,Sec. 3.3.,Sec. 3.4.] and formulas (2.2), the distribution f k has the distributional quasi-asymptotics f 0 (x) at infinity with respect to an automodel function a λ log k a, and the distributional quasi-asymptotics (−1) k f 0 (x) at zero with respect to an automodel function a −λ log k a:
In contrast to (2.1), both distributional quasi-asymptotics (2.3) are homogeneous distributions. This is in compliance with the corresponding result from [3] , [9, Ch.I,Sec. 3.3.,Sec. 3.4.]: a distributional quasi-asymptotics is a homogeneous distribution. Thus our Definition 4.3, unlike Definition 1.3, implies the "correct" results on distributional quasi-asymptotics.
(iv) Let us make an attempt "to preserve" Definition (1.3) by some minor technical modifications.
By analogy with relation (1.3) we will seek a function h 1 (a) such that if f 2 (x) is an AHD of order 2 and of degree λ then for any a > 0
where f 1 (x) is an AHD of order 1 and of degree λ. Similarly to [6, Ch.I, §4.1.], using (2.4) and Definition 1.2, we obtain
where f 0 (x) is a HD of degree λ. Then for all a, b > 0:
It is easy to prove that a HD of degree λ and an AHD of order 1 and of degree λ are linear independent (see below Lemma 4.1). Consequently, there are two possi-
As mentioned above, the last equation has solution (1.4), and, consequently, f 2 (x) is an AHD of order 1 and of degree λ.
Thus it is impossible even for k = 2 to preserve relation (1.2) for all dilatation operators U a f (x) = f (ax), a > 0. Consequently, it is impossible to construct an AHD of order k ≥ 2 defined by relation (1.2) with the coefficients c = a λ and d = h(a) = a λ log a.
Remark 2.2. Definitions 1.2, 1.3 are given in compliance with the book [6, Ch.I, §4.1.,(3)]. Thus, in the case of Definition 1.2 (which defines an AHD of order 1) one can clearly see that a distribution f 0 does not depend on a. In the case of Definition 1.3 (which defines an AHD of order k for k ≥ 2), there is no clearness about independence of f k−1 from a. However, it is impossible "to preserve" the definition [6, Ch.I, §4.1.] even if we suppose that a distribution f k−1 may depend on the variable a.
Indeed, if we suppose that in Definition 1.3 f k−1 may depend on a, we will need to define AHD of degree λ and of order k ≥ 2 by the following relation
where
is an AHD (with respect of x) of degree λ and of order k − 1. It is clear that it is impossible to determine a function e(a).
Thus, Definition 1.3 (from the book [6, Ch.I, §4.1.,(3)] as well as Definition 2.1 (from the paper [8, Ch.X,8.]) define an empty class, and, consequently, the recursive step for k = 2 is impossible.
(D3) In the books of R. Estrada and R. P. Kanwal [4] , [5] , according to (1. ′ (R) of order k and of degree λ is such that for any a > 0
where f k−1 is an associated homogeneous distribution of order k − 1 and of degree λ, and e(a) is some function.
Next, in these books it is stated that formula (2. Finally, the authors of these books conclude that in view of (2.5)-(2.7) one can define an associated homogeneous distribution of order k − 1 and of degree λ by the following equality
where f k−1 is an associated homogeneous distribution of order k − 1 and of degree λ. Thus, Definition (2.8) (Estrada and Kanwal) coincides with Definition 1.3 (Gel ′ fand and Shilov).
Comments. Let us prove that formula (2.5) (i.e., formula [4, (2.6.19)], [5, (2.110)]) does not imply relation (2.6) for any k ≥ 2. Indeed, in view of (2.5) we have for any a, b > 0
and (2.10)
where f k−1 and f k−2 are AHDs of degree λ and of order k − 1 and k − 2, respectively, e(a) is some function. By substituting relations (2.10) into (2.9), we obtain
Thus we have for all a, b > 0
It is clearly seen that, in contrast to the above cited statement from [4] , [5] ) relation (2.11) is equivalent to relation (2.6) only if f k−2 (x) = 0, i.e., k = 1.
Indeed, setting k = 1, we calculate that e(a) = K log a, i.e., (2.8) holds for k = 1. Let k = 2. In this case using (2.11) and (2.7), we obtain log ab − log a − log b f 1 (x) − log a log bf 0 (x) = 0, i.e., f 0 (x) ≡ 0, which means that f 1 (x) is a homogeneous distribution, and consequently, we have a contradiction.
(D4) It remains to note that in the book [7] , the concept of AHD is not discussed. It is only stated that for the distribution P x −n + "the homogeneity is partly lost". However, according to Definition 1.2 and Proposition 1.1 (Gel ′ fand and Shilov) this distribution is AHD of order 1 and of degree −n, i.e., has a special symmetry.
Conclusion. The concept of associated homogeneous function has a misty prehistory. According to the above result, a direct transfer of the notion of the associated eigenvector to the case of distributions is impossible for k ≥ 2. This is connected to the fact that any HD is an eigenfunction of all dilatation operators
Symmetry of the class of distributions AH 0 (R)
The distributions mentioned in Proposition 1.1 (so-called "pseudo-functions") are defined as regularizations of slowly divergent integrals. So, for all ϕ ∈ D(R) and for Reλ > −1 we set
For Reλ > −n−1, λ = −1, −2, . . . , −n, according to [6, Ch.I, §4.2.,(2),(6)], we have
The last formula gives an analytical continuation of relation (3.1).
is the principal value of the function x −n + log k x + . According to [6, Ch.I, §4.2.,(4), (7)], we have
where H(x) is the Heaviside function.
Other distributions mentioned in Proposition 1.1 are defined as the following.
(3.4)
for all ϕ ∈ D(R). 
where the distribution P x −n is called the principal value of the function x −n . This distribution is a homogeneous distribution of degree −n. The distribution (x ± i0) λ log k (x ± i0) for λ = −1, −2, . . . can be obtained by differentiating the first relation in (3.5) with respect to λ.
Let us consider how distributions from the class AH 0 (R) (mentioned above in Proposition 1.1) are transformed by dilatation operators U a , a > 0.
1. For Reλ > −1, k ∈ N and for all ϕ(x) ∈ D(R), a > 0 definition (3.1) implies
. . we define (3.6) by means of analytic continuation. Thus
for all λ = −1, −2, . . . .
2.
For k ∈ N and for all ϕ(x) ∈ D(R) definition (3.3) implies the following relations.
(a) 0 < a < 1:
(b) a = 1:
(c) a > 1:
Thus, (3.8)-(3.10) imply
where f −n;0 (x) =
− log k x − relations of the type (3.7), (3.11) can be obtained from (3.4).
Quasi associated homogeneous distributions
4.1. A class of distributions AH 1 (R). In Sec. 1, it is recognized that the dilatation operator U a for all a > 0 does not reproduce a distribution of order k from AH 0 (R) with accuracy up to a distribution of order (k − 1) from AH 0 (R). Moreover, in Sec. 3, it is recognized that the dilatation operator U a acts in AH 0 (R) according to formulas (3.7), (3.11). Now by analogy with transformation laws (3.7), (3.11) we introduce the following definition.
is called a distribution of degree λ and of order k, k = 0, 1, 2, . . . , if for any a > 0 and ϕ ∈ D(R)
i.e.,
where f λ;k−r (x) is a distribution of degree λ and of order k − r, r = 1, 2, . . . , k. Here for k = 0 we suppose that sums in the right-hand side of (4.1), (4.2) are empty.
Let us denote by AH 1 (R) a linear span of all distributions f λ;k (x) ∈ D ′ (R) of order k and degree λ, λ ∈ C, k = 0, 1, 2, . . . , defined by Definition 4.1.
In view of Definitions 1.1, 1.2, 4.1, a HD of degree λ is a distribution of order k = 0 and degree λ, and an AHD of order 1 and degree λ is a distribution of order k = 1 and degree λ. According to (3.7), (3.11), x λ ± log k x ± , and P x −n ± log k−1 x ± are distributions of order k and of degree λ, and −n, respectively. Thus AH 0 (R) ⊂ AH 1 (R).
Remark 4.1. A sum of a distribution of degree λ and of order k (from AH 1 (R)) and a distribution of degree λ and of order r ≤ k −1 (from AH 1 (R)) is a distribution of degree λ and of order k (from AH 1 (R)). Proof. This lemma is proved in the same way as the analogous result on linear independent homogeneous distributions from [6, §3.11.,4.].
Suppose that
where f s (x) ∈ AH 1 (R) is a distribution of degree λ and of order k s , such that all λ s or k s , s = 1, 2, . . . , m are different. Then, by Definition 4.1, for all a > 0 and ϕ(x) ∈ D(R): If, for example, λ 1 = λ 2 and k 1 > k 2 , then for all a > 0 and ϕ(x) ∈ D(R) we have
The last relation implies that c 1 f 1 k 1 −r (x) = 0, r = k 2 + 1, . . . , k 1 , and, consequently, c 1 ≡ 0. Consequently, c 2 ≡ 0.
where C is a constant. Thus AH 1 (R) = AH 0 (R), i.e., the class AH 1 (R) coincides with the Gel ′ fand and Shilov class AH 0 (R) from Proposition 1.1.
Proof. We prove this theorem by induction. (a) Let us consider the case λ = −1, −2, . . . . According to Definitions 1.2, 4.1, a distribution f 1 ∈ AH 1 (R) of degree λ and order k = 1 is an AHD of degree λ and order k = 1, and for all a > 0 satisfies the equation 
Consequently, up to a distribution
Let us assume that a distribution f k−1 (x) ∈ AH 1 (R) of degree λ and order (k−1) is represented in the form of a linear combination
A distribution f k ∈ AH 1 (R) of degree λ and of order k ≥ 2 satisfies (4.2) for all a > 0. By differentiating this equation with respect to a and setting a = 1, we obtain (4.6) xf
Taking into account (4.5) and integrating (4.6) for x = 0, we calculate
where B 1 , B 2 are constant. By repeating the above reasoning we obtain that
up to distributions of degree λ and of order ≤ k − 1. Hence, by induction the case (a) is proved. The case (b), when λ = −n, n ∈ N, can be proved similarly to the case (a).
QAHDs.
Taking into account relations (3.7), (3.11), and by analogy with (1.3) we introduce the following definition. 
where f k−r (x) is a QAHD of degree λ and of order k − r, h r (a) is a differentiable function, r = 1, 2, . . . , k. Here for k = 0 we suppose that sums in the right-hand sides of the above relations are empty.
Let us denote by AH(R) a linear span of all QAHDs of order k and degree λ, λ ∈ C, k = 0, 1, 2, . . . , defined by Definition 4.2. In view of Definition 4.1, Thus AH(R) = AH 0 (R), i.e., the class AH(R) coincides with the Gel ′ fand and Shilov class AH 0 (R) from Proposition 1.1.
Proof. We prove this theorem by induction. 1. For k = 1 this theorem is proved in the book [6, Ch.I, §4.1.] (see also Subsec. 1.1).
2. If k = 2, according to Definition 4.2, for a QAHD f 2 (x) of degree λ and of order k = 2 we have
where f 1 (x) is an AHD of degree λ and of order k = 1, f 0 (x) is a HD of degree λ, and h 1 (a), h 2 (a) are the desired functions. Taking into account that f 1 (bx) = b λ f 1 (x) + b λ log bf (1) 0 (x), where f (1) 0 (x) is a HD of degree λ, in view of (4.8) and Definition 1.2, we obtain for all a, b > 0:
0 (x). Obviously, this implies that for all a, b > 0 (1.4) , i.e., h 2 (a) = a λ log a. Thus, relation (4.8), Definition 1.2, and Theorem 4.1 imply that f 2 (x) is an AHD of order 1. Consequently, we obtain a trivial solution.
In the second case, in view of Lemma 4.1, f 0 (x) and f 1 (x) are linear independent, and, consequently, relation (4.9) implies the system of functional equations:
where h 1 (1) = 0, h 2 (1) = 0. According to [6, Ch.I, §4.1.] (see also (1.4)), h 1 (a) = a λ log a. Then the second equation in (4.10) implies that
and, consequently, the function h 2 (a) =
Making
can see that (4.12) can be rewritten as (4.13)
We will seek a solution of equation (4.13) in the class of differentiable functions. Differentiating relation (4.13) with respect to η, we obtain for all ξ, η
Setting η = 0 in the last equation, we have the differential equation
Since a = e ξ , then h 2 (a) = A 2 log a + C 2 log 2 a and (4.14)
(1) is a constant. By substituting functions h 1 (a), h 2 (a) given by (1.4), (4.14) into (4.8), we obtain
The last relation can be rewritten in the desired form (4.2):
is an AHD of degree λ and of order k = 1, f 0 (x) = C 2 f 0 (x) is a HD. Thus f 2 (x) is a distribution of degree λ and of order 2 (in the sense of Definition 4.1), and, according to Theorem 4.1, f 2 (x) ∈ AH 0 (R).
3. Let f k (x) be a QAHD of degree λ and of order k. Let us assume that any QAHD f j (x), j = 0, 1, . . . , k − 1 is a distribution of degree λ and of order j (in the sense of Definition 4.1). Then, according to Theorem 4.1, f j (x) ∈ AH 0 (R) and relation (4.2) holds. Thus, in view of our assumption, (4.7) and (4.2) imply for all a, b > 0:
where f (k−r) k−r−j (x) is a distribution of degree λ and of order k − r − j (in the sense of Definition 4.1) which belongs to AH 0 (R), r = 1, . . . , k − 1, j = 1, . . . , k − r. By changing the sum order, one can easily see that for all a, b > 0:
Since, in view of Lemma 4.1, a distribution f k−1 ∈ AH 1 (R) 0 of order k − 1 and distributions f k−r , f
∈ AH 1 (R) 0 of order k − r, are linear independent, r = 2, . . . , k, j = 1, . . . , r − 1, relation (4.16) implies that for all a, b > 0
Taking into account that the function
(b) λ is symmetric in a and b, it is easy to see that the last system has a non-trivial solution only if f
are constants, r = 2, 3, . . . , k, j = 1, 2, . . . , r − 1. Thus in view of Lemma 4.1, we obtain the following system of functional equations (4.17)
Consequently, the functions h j (a) = h j (a) a λ satisfy the system of equation
where h j (1) = 0, j = 1, 2, . . . , k. By changing variables ψ j (z) = h j (e z ), where ψ j (0) = 0, j = 1, 2, . . . , k and a = e ξ , b = e η , system (4.18) can be rewritten as (4.19)
Differentiating relations (4.19) with respect to η and setting η = 0, we obtain a system of differential equations (4.20) By substituting functions (4.21) into relation (4.7), the last relation can be rewritten in the form (4.7), i.e., as
where according to our assumption, distribution f k−r (x) = 
where f k−r (x) is an AHD of degree λ and of order k − r, r = 1, 2, . . . , k. Here for k = 0 we suppose that the sums in the right-hand sides of (4.23), (4.24) are empty.
Thus instead of the term "distribution of degree λ and of order k" one can use the term "QAHD of degree λ and of order k".
According to Remark 4.1, the sum of a QAHD of degree λ and of order k, and a QAHD of degree λ and of order r ≤ k − 1 is a QAHD of degree λ and of order k.
According to Theorems 4.1, 4.2, the class of QAHDs coincides with the Gel ′ fandShilov class AH 0 (R).
Multidimensional QAHDs
Recall a well-known theorem. 
is a QAHD of degree λ and of order k, k = 0, 1, 2, . . . , if for any a > 0 we have
where f k−r (x) is a QAHD of degree λ and of order k − r, r = 1, 2, . . . , k. Here for k = 0 we suppose that the sum in the right-hand side of (4.2) is empty. 
is a QAHD of order k − 1 − r, r = 1, 2, . . . , k − 1, we find that g k (a) satisfies the linear differential equation
Now it is easy to see that its general solution has the form
where C(x) is a distribution. Taking into account that g 1 (1) = 0, we calculate C(x) = 0. Thus
By substituting (5.12) into (5.8), we find
where by our assumption f k−1 is a QAHD of order k −1, and, consequently, f
Thus, according to the induction axiom, the theorem is proved.
6. The Fourier transform of QAHDs 6.1. The Fourier transform. The Fourier transform of ϕ ∈ D(R n ) is defined as
where ξ · x is the scalar product of vectors x and ξ. We define the Fourier transform where C is a constant and the distribution (x ± i0) λ is given by (3.5). Setting ξ = i, one can calculate that Thus the factor of proportionality in (6.3) is (up to i λ+1 ) the Γ-function, Γ(λ + 1) = ∞ 0
x λ e −x dx.
In view of Theorem 6.1 and Remark 4.1, we have for λ = −1, −2, . . . where A j , B j are constants, j = 1, . . . , k. Here (ξ + i0) −λ−1 log k−j (ξ + i0) and ξ n−1 log k−j (ξ + i0 are QAHDs of order k − j and of degree −λ − 1 and n − 1, respectively (we set (ξ + i0) n−1 ≡ ξ n−1 , n ∈ N). Similarly (6.4), we call the factors (6.7)
Γ j (λ + 1; k) = i −λ−1 log j i A j , and (6.8) Γ j (−n + 1; k) = i n−1 log j i B j the associated homogeneous j − Γ-functions of order k and of degree λ (λ = −n) and −n, respectively, j = 0, 1, . . . , k, n ∈ N. By successive substituting ξ = i, 2i, . . . , (k + 1)i into (6.5) and (6.6), we obtain a linear system of equation for A 0 , . . . , A k and B 0 , . . . , B k . Solving these systems, one can calculate associated homogeneous Γ-functions Γ j (λ + 1; k) and Γ j (−n + 1; k), respectively. Now we calculate the Γ-functions in particular case k = 1. 
